Neutral molecules with sufficiently large dipole moments can bind electrons in diffuse nonvalence orbitals with most of their charge density far from the nuclei, forming so-called dipolebound anions. Because long-range correlation effects play an important role in the binding of an excess electron and overall binding energies are often only of the order of 10-100s of wave numbers, predictively modeling dipole-bound anions remains a challenge. Here, we demonstrate that quantum Monte Carlo methods can accurately characterize molecular dipole-bound anions with near threshold dipole moments. We also show that correlated sampling Auxiliary Field Quantum Monte Carlo is particularly well-suited for resolving the fine energy differences between the neutral and anionic species. These results shed light on the fundamental limitations of quantum Monte Carlo methods and pave the way toward using them for the study of weakly-bound species that are too large to model using traditional electron structure methods. Dipole-bound anions are intriguing species that bind excess electrons via their molecular dipole moments.
Dipole-bound anions are intriguing species that bind excess electrons via their molecular dipole moments.
1,2 As the charge-dipole attraction is governed by a long-range potential that behaves as 1/r 2 at large r, dipolebound electrons are delicately bound in diffuse orbitals with most of their charge density located far from the atomic centers of their parent molecules. [3] [4] [5] Within the BornOppenheimer approximation, the critical dipole moment necessary for binding an electron is 1.625 D, 6-8 but increases to 2.5 D or larger when corrections to the Born-Oppenheimer approximation are made. [9] [10] [11] [12] Beyond being "doorways" to the formation of valence-bound anions, [13] [14] [15] [16] dipole-bound anions may be key contributors to the diffuse interstellar bands, a set of absorption peaks emanating from the interstellar medium whose source has yet to be conclusively identified. [17] [18] [19] [20] [21] [22] [23] The sheer experimental challenge of resolving the exceedingly small binding energies of such fragile species has motivated spectroscopists to produce dipole-bound species via electron attachment 24, 25 and Rydberg electron transfer, 12, 26, 27 and to study them via field detachment and photoelectron spectroscopy. 28 From the theoretical perspective, dipole-bound anions are of particular interest because they pose a formidable challenge for ab initio methods -only high levels of theory, such as coupled cluster theories combined with large, flexible basis sets, are capable of accurately predicting dipole-bound anion electron binding energies that are often of the order of just a few hundred wave numbers in magnitude.
2,4,29-32 However, these highly accurate methods scale steeply with system size, severely restricting the size of systems to which they can be applied.
Herein, we explore the accuracy with which Diffusion Monte Carlo (DMC) [33] [34] [35] and Auxiliary Field Quantum Monte Carlo (AFQMC), [36] [37] [38] [39] [40] [41] two highly accurate, stochastic methods that scale as only O(N 3 )−O(N 4 ) with system size, can model dipole-bound anions, with the aim of uncovering a new set of approaches for modeling dipole-and correlationbound 42 anions of large molecules. Interestingly, despite the different approximations they employ, we find that both methods reproduce experimental results and distinguish molecules that bind an extra electron from those that do not. Furthermore, we find that a newly-developed correlated sampling AFQMC approach (C-AFQMC) 43 is particularly wellsuited for the task of studying energy differences involving weakly-bound species and converges electron binding energies orders of magnitude faster than stochastic methods that do not employ such sampling.
To gauge the viability of characterizing dipole-bound anions using QMC methods, we compute vertical electron affinities for several systems known to form dipole-bound anions. Vertical electron affinities may be obtained by taking the difference between the energies of the neutral and anionic species both calculated at the neutral geometry. However, since the dipole-bound excess electron makes almost no impact on the geometry of the molecule, we can equate these electron affinities to the electron binding energies (EBEs), which are typically defined using the geometry of the anion. In the following paragraphs, we summarize the calculations performed; further details may be found in the Supplemental Information.
In order to compute the EBEs, the neutral geometries were first optimized using the MP2 method 44 together with the aug-cc-pVDZ basis set 45, 46 in Gaussian 09. [47] [48] [49] [50] [51] Hartree-Fock (HF) wave functions were then generated in Gaussian 09, GAMESS, 52, 53 or NWChem 54 for use as trial wave functions, which guide sampling and curb the growth of the sign/phase problem, an exponential decay in the signal to noise ratio, in DMC and AFQMC. 55, 56 In order to obtain stable dipole-bound anions, it is essential to use flexible basis sets with very diffuse basis functions. Here, we use the aug-cc-pVDZ basis set augmented with a set of diffuse s and p functions, and in one case, also d functions, located near the positive end of the dipole.
4 DMC
33,57,58
and AFQMC 36, 59 are performed on all of the species studied. DMC calculations were conducted using the CASINO package. 57, 60 Averages were obtained by sampling the configurations of 4650 walkers for 500,000 or more propagation steps. In order to obtain DMC energies in the zero time-step (∆τ → 0) limit, DMC simulations were conducted at three different time step sizes and then linearly extrapolated to zero time-step to yield the final values reported.
Because the calculation of dipole-bound anion vertical binding energies involves energy differences between two species with identical molecular geometries, we employed C-AFQMC 43 for the majority of our AFQMC calculations. In this approach, differences between two quantities normally computed separately using independently generated auxiliary field configurations are instead computed using the same set of configurations. For sufficiently similar systems like many dipole-bound anions and their parent neutral molecules, this can result in a systematic cancellation of errors, which markedly reduces the variance associated with calculated observables. In our calculations, a set of randomly-seeded repeat simulations were initialized, and after an initial equilibration period, the mean and standard error of the cumulative averages were computed among the repeats. Convergence is attained when the mean is visually observed to plateau, and when the statistical error falls below a target threshold. The ∆τ → 0 limit was estimated via linear extrapolations using simulations performed at ∆τ = 0.01 and ∆τ = 0.005 a.u.
While DMC has been successfully employed to calculate cluster binding energies, 67 ,68 here we analyze its performance predicting the electron binding energies of molecular dipole-bound anions. As an initial test, we examined whether DMC could faithfully predict whether a given species binds an extra electron or not. Thus, in addition to considering several species known to form dipole-bound anions, we also consider SO, a molecule with a dipole moment of 1.55 D, which is below the threshold required for binding. Our results are summarized in Table 1 . DMC calculations correctly predicted that all of the species studied, except SO, would form dipole-bound anions.
In Figure 1 , the charge densities of neutral CH 3 CN, the CH 3 CN anion, and the SO molecule plus an extra electron are compared. While the DMC charge density for the neutral CH 3 CN molecule is highly localized in the molecular region, that of the anion is far more diffuse and protrudes continuously out from the positive side of the dipole. The charge density plots of the other dipole-bound anions considered in this work manifest similar features and are reported in the Supplemental Information. In stark contrast, the charge density of SO plus an extra electron consists of two disjoint contributions -one associated with the neutral molecule and a second representative of an additional unbound electron positioned more than 50Å from the molecule. Interestingly, even though the fixed-node error in the energies of the neutral and anion are greater in magnitude than the electron binding energy, DMC calculations using single Slater determinant trial wave functions provide semiqualitatively accurate EBEs of dipole-bound anions. Nevertheless, obtaining quantitatively accurate EBEs with the DMC approach employed here would be too computationally demanding to be practical. As presented in Table  1 , achieving DMC statistical error bars smaller than the binding energies can require hundreds of thousands to millions of DMC iterations, even starting from a well-optimized variational wave function. For example, as depicted in Figure 2 , statistical fluctuations in the energy of the CH 3 CN anion simulated with 4650 walkers hover around 65000 cm −1 , meaning that over 500,000 samples must be taken to achieve on the order of 100 cm −1 error bars. Thus, while e To be consistent, the C-AFQMC calculations on the C 3 H 2 dipole-bound anion were also based on an ROHF trial wave function.
DMC EBEs that agree with experimental measurements and coupled cluster calculations can be gleaned from the noise, it is only with error bars that are still too large to make definitive statements and at great computational expense.
One stochastic technique capable of scaling to dipole-bound anions of large molecules with a substantial reduction in statistical noise is C-AFQMC. As shown in Table 1 , C-AFQMC error bars are at least an order of magnitude smaller than DMC error bars using a similar number of samples, but using two orders of magnitude shorter projection time (2000 a.u. was used to obtain most DMC results; 20 a.u. was used to obtain the C-AFQMC results). The C-AFQMC results presented were moreover obtained starting from just HF wave functions. One might question whether the source of this improvement stems from the AFQMC algorithm or from the use of correlated sampling. Figure 3 , which depicts the energy as a function of imaginary projection time for the CH 3 CN molecule, demonstrates that the improvement may be attributed to both sources. Uncorrelated AFQMC simulations are accompanied by statistical fluctuations on the order of 10 4 cm −1 , which are smaller than the 10 5 cm −1 fluctuations associated with the EBE values from the DMC sim- Figure 2 : The time evolution of the DMC energy and walker population for the CH 3 CN anion using ∆τ = 0.01 a.u. with 4650 walkers. Walkers were initialized with a UHF trial wave function expanded in terms of the aug-cc-pVDZ basis with a 7s7p set of diffuse gaussian-type orbitals. In the Figure, reference energy refers to E T (see Supplemental Information), the average local energy refers to the local energy averaged over walkers at a given imaginary time, and best estimate of the energy refers to the energy averaged over all samples taken up to a certain imaginary time. , where N r is the number of simulation repeats, and are plotted in the insets for clarity.
ulations (see Figure 2 ). C-AFQMC calculations are accompanied by almost imperceptible statistical fluctuations on the order of 22 cm −1 . Thus, AFQMC's sampling innovations yield meaningful gains above DMC, yet it is the use of correlated sampling that yields, by far, the largest improvements.
As shown in Table 1 , C-AFQMC yields energies with sufficiently small error bars that meaningful comparisons can now be made against coupled cluster calculations and experiment. In general, the EBEs predicted by C-AFQMC are within error bars of both experimental and previous coupled cluster single, doubles, and perturbative triples (CCSD(T)) calculations. This demonstrates that phaseless approximation errors are mild and that for dipole-bound anions AFQMC is as accurate as CCSD(T). The C 3 H 2 anion, however, stands as one cautionary tale. For the C 3 H 2 anion, we located two different UHF solutions, neither of which proved suitable for trial functions in QMC calculations (see the Supplemental Information for more details). For this reason, we employed an ROHF trial wave function for the C 3 H 2 anion instead. This example suggests that care must be taken when selecting trial wave functions for and ultimately simulating larger molecules that may have many competing low-lying states.
In this work, we have demonstrated that lowscaling QMC methods, and in particular, C-AFQMC, are capable of resolving the fine energy differences required to accurately predict electron binding energies of dipole-bound anions. Electron binding energies within wave numbers of previous coupled cluster and experimental results were obtained for HCN, CH 2 CHCN, CH 3 CN, C 3 H 2 , and C 3 H 2 O 3 . Our results demonstrate that, while uncorrelated DMC and AFQMC methods can qualitatively describe dipole-bound species, only correlated sampling techniques such as C-AFQMC are capable of achieving quantitative accuracy within computationally tractable amounts of time. The success of C-AFQMC in this work beckons for the further development of correlated DMC methods capable of resolving the molecular energy differences that lie at the heart of all chemical processes. These findings pave the way toward using stochastic methods to study the much larger polycyclic aromatic hydrocarbons (PAH) 69 and long-chain carbon anions 70 thought to contribute to the diffuse interstellar bands, as well as correlation-bound anions 71, 72 and weakly bound clusters 73 whose size puts them beyond reach of most high accuracy methods.
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